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ULRICH BUNDLES ON SMOOTH PROJECTIVE VARIETIES OF MINIMAL
DEGREE
M. APRODU, S. HUH, F. MALASPINA AND J. PONS-LLOPIS
Abstract. We classify the Ulrich vector bundles of arbitrary rank on smooth pro-
jective varieties of minimal degree. In the process, we prove the stability of the
sheaves of relative differentials on rational scrolls.
1. Introduction
There has been increasing interest on the classification of arithmetically Cohen-
Macaulay (for short aCM) sheaves on various projective varieties, which is impor-
tant in a sense that the aCM sheaves are considered to give a measurement of
complexity of the underlying space. A special type of aCM sheaves, called the
Ulrich sheaves, are the ones achieving the maximum possible minimal number of
generators. It is conjectured in [12] that any variety supports an Ulrich sheaf. But
the conjecture has been checked only for a few varieties, e.g. in case of surfaces,
del Pezzo surfaces, rational normal scrolls, rational aCM surfaces in P4, ruled sur-
faces and so on; see [8, 15, 16, 2]. Although there are some occasions where the
classification problem of Ulrich bundles of special type is done as in [7, 9, 10], the
completion of classification problem is difficult in usual.
In this article we pay our attention to the smooth projective varieties of min-
imal degree; smooth quadric hypersurfaces, the Veronese surface in P5 and ra-
tional normal scrolls S = S(a0, . . . ,an) associated to rank n + 1 bundle ⊕
n
i=0OP1 (ai )
on P1. We choose suitable full exceptional collections of those varieties to apply
the Beilinson spectral sequence and characterize the Ulrich bundles supporting
the varieties. In [15] the representation type of S is determined by considering a
certain type of family of Ulrich sheaves and it motivates the study in this article.
In case of the Veronese surface and smooth quadric hypersurfaces, the classical
result that the only indecomposable Ulrich bundles are Ω1
P2
(3) and the spinor
bundles, respectively, can be recovered; see Examples 2.6 and 2.7. The main result
of this article is the characterization of Ulrich bundles on smooth rational normal
scrolls as the bundles admitting a special type of filtration; see Theorem 3.7. As
a direct consequence, we observe that the moduli spaces of Ulrich bundles are
zero-dimensional; see remark 3.9. Since any non-linearly normal smooth variety
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of almost minimal degree is given as the image of a linear projection of a smooth
variety of minimal degree (and the projection is an isomorphism in this case),
the classification of Ulrich bundles on the non-linearly normal smooth varieties
of almost minimal degree can be also given; see [19]. Indeed, being Ulrich only
depends on the chosen polarization (X,L), not on taking the embedding on the
complete linear system H0(X,L).
Here we summarize the structure of this article. In Section 2 we introduce the
definition of Ulrich sheaves and several notions in derived category of coherent
sheaves to understand the Beilinson spectral sequence. Then we investigate the
indecomposable Ulrich bundles on the Veronese surface and smooth quadric hy-
persurfaces. In Section 3 we collect several technical results about several bundles
on rational normal scrolls; see Lemmas 3.2 and 3.4. Then we fix a certain full
exceptional collection of the derived categories in Example 3.6, based on which
we apply the Beilinson spectral sequence to characterize the Ulrich bundles in
Theorem 3.7.
2. Preliminaries
Throughout the article our base field is the filed of complex numbers C.
Definition 2.1. A coherent sheaf E on a projective variety X with a fixed ample
line bundle OX (1) is called arithmetically Cohen-Macaulay (for short, aCM) if it is
locally Cohen-Macaulay and H i(E(t)) = 0 for all t ∈Z and i = 1, . . . ,dim(X)− 1.
Definition 2.2. For an initialized coherent sheaf E on X, i.e. h0(E(−1)) = 0 but
h0(E) , 0, we say that E is an Ulrich sheaf if it is aCM and h0(E) = deg(X)rank(E).
Given a smooth projective variety X, let Db(X) be the the bounded derived
category of coherent sheaves on X. An object E ∈ Db(X) is called exceptional if
Ext•(E,E) = C. A set of exceptional objects 〈E0, . . . ,En〉 is called an exceptional
collection if Ext•(Ei ,Ej ) = 0 for i > j . An exceptional collection is said to be full
when Ext•(Ei ,A) = 0 for all i implies A = 0, or equivalently when Ext
•(A,Ei ) = 0
does the same.
Definition 2.3. Let E be an exceptional object in Db(X). Then there are functors
LE and RE fitting in distinguished triangles
LE(T ) −→ Ext
•(E,T )⊗E −→ T −→ LE(T )[1]
RE(T )[−1] −→ T −→ Ext
•(T ,E)∗ ⊗E −→ RE(T )
The functors LE and RE are called respectively the left and right mutation functor.
The collections given by
E∨i =LE0LE1 . . .LEn−i−1En−i ;
∨Ei =REnREn−1 . . .REn−i+1En−i ,
are again full and exceptional and are called the right and left dual collections. The
dual collections are characterized by the following property; see [14, Section 2.6].
(1) Extk(∨Ei ,Ej ) = Ext
k(Ei ,E
∨
j ) =
{
C if i + j = n and i = k
0 otherwise
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Theorem 2.4 (Beilinson spectral sequence). Let X be a smooth projective variety and
with a full exceptional collection 〈E0, . . . ,En〉 of objects for D
b(X). Then for any A in
Db(X) there is a spectral sequence with the E1-term
E
p,q
1 =
⊕
r+s=q
Extn+r (En−p ,A)⊗H
s(E∨p )
which is functorial in A and converges to Hp+q(A).
The statement and proof of Theorem 2.4 can be found both in [21, Corollary
3.3.2], in [14, Section 2.7.3] and in [4, Theorem 2.1.14].
Let us assume next that the full exceptional collection 〈E0, . . . ,En〉 contains only
pure objects of type Ei = E
∗
i [−ki ] with Ei a vector bundle for each i, and more-
over the right dual collection 〈E∨0 , . . . ,E
∨
n 〉 consists of coherent sheaves. Then the
Beilinson spectral sequence is much simpler since
E
p,q
1 = Ext
n+q(En−p,A)⊗E
∨
p =H
n+q+kn−p (En−p ⊗A)⊗E
∨
p .
Note however that the grading in this spectral sequence applied for the pro-
jective space is slightly different from the grading of the usual Beilison spectral
sequence, due to the existence of shifts by n in the index p,q. Indeed, the E1-terms
of the usual spectral sequence are Hq(A(p))⊗Ω−p(−p) which are zero for positive
p. To restore the order, one needs to change slightly the gradings of the spectral
sequence from Theorem 2.4. If we replace, in the expression
Eu,v1 = Ext
v(E−u ,A)⊗E
∨
n+u =H
v+k−u (E−u ⊗A)⊗F−u
u = −n + p and v = n + q so that the fourth quadrant is mapped to the second
quadrant, we obtain the following version of the Beilinson spectral sequence:
Theorem 2.5. Let X be a smooth projective variety with a full exceptional collection
〈E0, . . . ,En〉 where Ei = E
∗
i [−ki ] with each Ei a vector bundle and (k0, . . . ,kn) ∈ Z
⊕n+1
such that there exists a sequence 〈Fn = Fn, . . . ,F0 = F0〉 of vector bundles satisfying
(2) Extk(Ei ,Fj ) =H
k+ki (Ei ⊗Fj ) =
{
C if i = j = k
0 otherwise
i.e. the collection 〈Fn, . . . ,F0〉 labelled in the reverse order is the right dual collection
of 〈E0, . . . ,En〉. Then for any coherent sheaf A on X there is a spectral sequence in the
square −n ≤ p ≤ 0, 0 ≤ q ≤ n with the E1-term
E
p,q
1 = Ext
q(E−p,A)⊗ F−p =H
q+k−p (E−p ⊗A)⊗F−p
which is functorial in A and converges to
(3) E
p,q
∞ =
{
A if p + q = 0
0 otherwise.
Example 2.6. The Veronese surface V ⊂ P5 is an arithmetically Cohen-Macaulay
embedding which is not arithmetically Gorenstein. The study of vector bundles
on V is trivial if we view V as P2 embedded with OP2 (2). We consider the full ex-
ceptional collection 〈E0,E1,E2〉 = 〈OP2 ,OP2 (1),OP2 (2)〉 and then its dual in reverse
order E• consists of the following
E2 = OP2 (−2) , E1 = OP2 (−1) , E0 = OP2 .
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Define Fk = Fk to be the vector bundle satisfying Condition (2) in Theorem 2.5
with respect to the prescribed collection 〈E0,E1,E2〉, that is,
F2 = OP2 (−1) , F1 =Ω
1
P2
(1) , F0 = OP2 .
In other words, the collection 〈F2,F1,F0〉 is the right dual collection of 〈E0,E1,E2〉.
Let A be a vector bundle on V such that A(2) is Ulrich. Then we construct
a Beilinson complex, quasi-isomorphic to A, by calculating H i(A ⊗ Ej ) ⊗ Fj with
i, j ∈ {0,1,2}. We may assume due to [12, Proposition 2.1] that
H i(A(−2)) =H i(A) = 0 for all i
and then we can easily construct the Beilinson table as below; we put the collection
F• on the top row and the collection E• on the bottom row
OP2 (−1) Ω
1
P2
(1) OP2
0 0 0
0 a 0
0 0 0
OP2 (−2) OP2 (−1) OP2
We notice that the only nonzero entry a := h1(A(−1)) appears on the diagonal. So
the table is very simple and we can deduce thatΩ1
P2
(3) is the only indecomposable
Ulrich bundle on V .
Example 2.7. LetQ4 be the smooth quadric hypersurface of P
5. It has two distinct
spinor bundles Σ1 and Σ2 of rank two given by the exact sequences
0 −→ Σ∨i →O
⊕4
Q4
→ Σ3−i −→ 0
for i ∈ {1,2}. As in Example 2.6 we may consider the full exceptional collection
〈E0, . . . ,E5〉 = 〈OQ4 , OQ4 (1), OQ4 , Σ
∨
1 (3), Σ
∨
2 (3)[1], OQ4 (3)[1]〉,
i.e. we have
E5 = OQ4 (−3) , E4 = Σ2(−3) , E3 = Σ1(−3),
E2 = OQ4 (−2) , E1 = OQ4 (−1) , E0 = OQ4
and (k0, . . . ,k5) = (0,0,0,0,−1,−1). Then its right dual collection 〈F5, . . . ,F0〉 consists
of the following vector bundles Fi = Fi for each i:
F5 = OQ4 (−1) , F4 = Σ1(−1) , F3 = Σ2(−1),
F2 =Ω
2
P5
(2)|Q4 , F1 =Ω
1
P5
(1)|Q4 , F0 = OQ4 ,
due to the characterization in (2).
Let A be a vector bundle on Q4 such that A(1) is Ulrich. As in Example 2.6 we
construct a Beilinson complex, quasi-isomorphic to A, by calculating H i+kj (A ⊗
Ej )⊗Fj with i, j ∈ {0, . . .5}. Again we may assume due to [12, Proposition 2.1] that
H i(A(−3)) =H i(A(−2)) =H i(A(−1)) =H i(A) = 0 for all i.
Moreover there are no nonzero maps from Σ1(−1) to Σ2(−1). Thus we easily can
construct the Beilinson table; we put the collection F• on the top row and the
collection E• on the bottom row.
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OQ4 (−1) Σ1(−1) Σ2(−1) Ω
2
P5
(2)|Q4 Ω
1
P5
(1)|Q4 OQ4
0 0 0 0 0 0
0 b 0 0 0 0
0 0 a 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
OQ4 (−3) Σ2(−3) Σ1(−3) OQ4 (−2) OQ4 (−1) OQ4
We notice that the only nonzero entries a := h3(A⊗Σ1(−3)) and b := h
3(A⊗Σ2(−3))
appear on the diagonal. So the table is very simple and we can deduce that Σ1 and
Σ2 are the only indecomposable Ulrich bundles on V .
Similarly for smooth quadric hypersurfaces of any (even or odd) dimension we
can obtain a table with nonzero entries only on the diagonal, proving that the
indecomposable Ulrich bundles are the spinor bundles; see [3].
In the next section we prove that for any rational normal scroll we can obtain a
table with nonzero entries only on the diagonal; we cannot expect such a behavior
for varieties of almost minimal degree. Let us see an example of a Del Pezzo
threefold in the following.
Example 2.8. The Veronese threefold V ⊂ P9 is Del Pezzo of degree 8. The study
of vector bundles on V is trivial if we view V as P3 embedded with OP3 (2). We
consider the full exceptional collection 〈E0, . . . ,E3〉 = 〈OP3 ,OP3 (1),OP3 (2),OP3 (3)〉
and then the collection E• in reverse order is given by
E3 = OP3 (−3) , E2 = OP2 (−2) , E1 =OP3 (−1) , E0 = OP3
and the right dual collection is given by
F3 = OP3 (−1) , F2 =Ω
2
P3
(2) , F1 =Ω
1
P3
(1) , F0 = OP3 .
Now let A be a vector bundle on V such that A(2) is Ulrich. Then we construct
a Beilinson complex, quasi-isomorphic to A, by calculating H i(A ⊗ Ej ) ⊗ Fj with
i, j ∈ {0,1,2,3}. We may assume due to [12, Proposition 2.1] that
H i(A(−4)) =H i(A(−2)) =H i(A) = 0 for all i
and then we can easily construct the Beilinson table as below; we put the collection
F• on the top row and the collection E• on the bottom row
OP3 (−1) Ω
2
P3
(2) Ω1
P3
(1) OP3
0 0 0 0
b 0 0 0
0 0 a 0
0 0 0 0
OP3 (−3) OP3 (−2) OP3 (−1) OP3
We notice that the only nonzero entries are a := h1(A(−1)) which is on the diagonal
and b := h1(A(−3)) which is not on the diagonal.
Remark 2.9. Although we have a nonzero entry off the diagonal in Example 2.8,
we may still use the Beilinson table to describe the Ulrich bundles on V . Indeed,
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any Ulrich bundle E on V fits into the following exact sequence
0 −→OP3 (1)
⊕b
M
−→Ω1
P3
(3)⊕a −→ E −→ 0.
By [5, Lemma 2.4(iii)] we also get a = b and so the map M = (sij ) is given as an
(a× a)-matrix with entries sij ∈H
0(Ω1
P3
(2))  C⊕4. In particular, there is no Ulrich
line bundle on V and we get that the null-correlation bundles on P3 twisted by 2
are the only rank two Ulrich bundles on V .
3. Classification on rational normal scroll
Let S = S(a0, . . . ,an) be a smooth rational normal scroll, the image of P(E) via
the morphism defined by OP(E)(1), where E  ⊕
n
i=0OP1 (ai ) is a vector bundle of
rank n+1 on P1 with 0 < a0 ≤ . . . ≤ an. Letting pi : P(E)→ P
1 be the projection, we
may denote by H and F, the hyperplane section corresponding to OP(E)(1) and the
fibre corresponding to pi∗OP1 (1), respectively. Then we have Pic(S)  Z〈H,F〉 and
ωS  OS (−(n+1)H + (c −2)F), where c :=
∑n
i=0 ai is the degree of S. We will simply
denote OS (aH +bF) by OS (a+b,a), in particular, OS (F) = OS (1,0). From now on we
fix an ample line bundle on S to be OS (H) = OS (1,1).
For the computational purpose, we use the following lemma.
Lemma 3.1 ([11], see also [15]). For any i = 0, . . . ,n+1, we have
(i) H i(S,OS (a+ b,a)) H
i(P1,SymaE ⊗OP1(b)) if a ≥ 0;
(ii) H i(S,OS (a+ b,a)) = 0 if −n− 1 < a < 0;
(iii) H i(S,OS (a+ b,a)) H
n+1−i(P1,Sym−a−n−1E ⊗OP1 (c − b − 2)) if a ≤ −n− 1.
Recall the dual of the relative Euler exact sequence of S:
(4) 0 −→Ω1
S |P1
(1,1) −→ B := ⊕ni=0OS (ai ,0) −→OS (1,1) −→ 0,
and so we have ωS |P1  OS (−(n + 1)H + cF)  OS (c − n − 1,−n − 1). The long exact
sequence of exterior powers associated to (4) is
0 −→OS (c − n,−n) −→∧
nB(−n+1,−n+1)
dn−1
−→
∧n−1 B(−n+2,−n+2)
dn−2
−→ ·· ·
d1
−→ B −→OS (1,1) −→ 0.
(5)
Now (5) splits into
(6) 0 −→Ωi
S |P1
(i, i) −→ ∧iB −→Ωi−1
S |P1
(i − 1, i − 1) −→ 0
for each i = 1, . . . ,n, and we have Im(di ⊗OS (i − 1, i − 1)) Ω
i
S |P1
(i, i) ⊂ ∧iB.
Lemma 3.2. The bundle Ωi
S |P1
(i, i + 1) is Ulrich with slope c − 1 with respect to H =
OS (1,1) for each i = 0, . . . ,n.
Proof. Consider the twist of the following truncation of (5) by OS (i − 1, i)
0 −→OS (c − n,−n) −→∧
n B(−n+1,−n+1) −→ ·· ·
−→ ∧i+1B(−i,−i) −→Ωi
S |P1
−→ 0.
(7)
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Applying Lemma 3.1 to (7), we obtain that for any k ∈Z and j ∈ {1, · · · ,n}
0 =hn−i+j (OS (c − n+ i + k − 1, c − n+ i + k))
=hn−i−1+j (∧nB(k − n+ i,k − n+ i +1))
= · · · = hj (∧i+1B(k − 1,k)),
and it implies that hj (Ωi
S |P1
(k+ i−1,k+ i)) = 0. Thus the sheaf Ωi
S |P1
(i−1, i) is aCM
and henceΩi
S |P1
(i, i+1) is also aCM. Now we may apply the same argument above
to show
H0(∧i+1B(0,1)) H0(Ωi
S |P1
(i, i +1))
whose dimension is c×
(n
i
)
= deg(S)×rank(Ωi
S |P1
(i, i+1)), and so the sheafΩi
S |P1
(i, i+
1) is Ulrich.
The slope computation is straightforward. 
Remark 3.3. In practice, instead of working with the Ulrich bundlesΩi
S |P1
(i, i+1),
we shall work with their twists by OS (−H) i.e. with Ω
i
S |P1
(i − 1, i). The reason will
become clear in the main Theorem. The spectral sequence will be much simpler if
we use bundles with no sections. The bundles Ωi
S |P1
(i, i + 1) will appear to be the
building blocks for all the Ulrich bundles on S.
Lemma 3.4. For any i, j ∈ {0, . . . ,n} with i , j , we have
(8) Hom(Ωi
S |P1
(i, i),Ω
j
S |P1
(j, j)) = 0.
Proof. We prove the vanishing for i > j first. Denote by
H :=Hom(Ωi
S |P1
(i, i),Ω
j
S |P1
(j, j)) Ω
j
S |P1
⊗ (Ωi
S |P1
)∨(j − i, j − i).
Similarly to the projective space case in [17, Section 0.1], the Koszul complex pro-
vides us with a natural sheaf morphism
α : ∧i−jB∨ −→H.
Indeed, by dualizing (6) we obtain a short exact sequence:
0 −→ (Ω
i−j−1
S |P1
)∨(j − i − 1, j − i − 1) −→ ∧i−jB∨ −→ (Ω
i−j
S |P1
)∨(j − i, j − i) −→ 0
and α is obtained from the surjection ∧i−jB∨ −→ (Ω
i−j
S |P1
)∨(i − j, i − j) and from the
natural map Ωi
S |P1
(i, i) ⊗ (Ω
i−j
S |P1
)∨(j − i, j − i) −→ Ω
j
S |P1
(j, j). For each point x ∈ P1,
denote by Fx the fibre over x. After restricting to Fx and taking global sections, the
map α induces the following usual natural isomorphism over the n–dimensional
projective space; see [17, Section 0.1].
(9) H0(Fx , (∧
i−jB∨)|Fx ) HomFx (Ω
i
Fx
(i),Ω
j
Fx
(j)) H0(Fx ,H|Fx ).
It follows by the Grauert theorem that pi∗(∧
i−jB∨) and pi∗(H) are vector bun-
dles of the same rank. The morphism α induces a vector bundle morphism from
pi∗(∧
i−jB∨) to pi∗(H) which is, by (9) and Grauert, an isomorphism on each fibre
(of the vector bundle), and hence it is an isomorphism. Therefore, we obtain an
isomorphism
H0(P1,pi∗(∧
i−jB∨)) H0(P1,pi∗(H))
8 M. APRODU, S. HUH, F. MALASPINA AND J. PONS-LLOPIS
and, since∧i−jB∨ has no nontrivial global sections, it follows thatH has no nonzero
global sections.
In the case i < j , we use the well-known fact that on the projective space Pn
there are no nontrivial morphisms fromΩi
Pn
(i) to Ω
j
Pn
(j) for i < j . Then
HomFx (Ω
i
Fx
(i),Ω
j
Fx
(j) = 0
and, by Grauert’s Theorem, it follows that pi∗(H) = 0 and hence
Hom(Ωi
S |P1
(i, i),Ω
j
S |P1
(j, j)) = 0.

Remark 3.5. Although the sheafΩi
S |P1
(i, i) is stable, as we shall see, it is not possi-
ble to use in the proof of Lemma 3.4 the fact that there is no nontrivial morphism
from a stable sheaf to another stable sheaf with smaller slope, because the slope
ofΩi
S |P1
(i, i) with respect to the ample line bundle OS (1,1) is zero for any i.
Now we introduce suitable full exceptional collection; [20, Corollary 2.7], see
also [1].
Example 3.6. Consider a function σ : Z → Z⊕2 sending i to the pair of integers
(σ1,σ2) such that σ1 + σ2 = i and σ1 −σ2 ∈ {0,1}. For each integer i ∈ {0, . . . ,2n + 1},
define E ′i = OS (σ(−i +1)) and ki = σ2(−i +1) to have a collection
〈E ′2n+1[k2n+1], . . . ,E
′
0[k0]〉.
For example, we have E ′2n+1[k2n+1] = OS (−n,−n)[−n]. Note that this collection is
full for Db(S). Apply the left mutation to the pair (E ′1[k1],E
′
0[k0]) = (OS ,OS (1,0)) to
obtain another full exceptional collection
(10) 〈E2n+1[k2n+1], . . . ,E0[k0]〉,
where E1 = OS (−1,0) and E0 = OS . For example, when n = 3, the full exceptional
collection E•[k•] consists of the following:
E7[k7] = OS (−3,−3)[−3], E6[k6] = OS (−2,−3)[−3], E5[k5] =OS (−2,−2)[−2],
E4[k4] = OS (−1,−2)[−2], E3[k3] = OS (−1,−1)[−1], E2[k2] =OS (0,−1)[−1],
E1[k1] = OS (−1,0) , E0[k0] =OS .
Indeed, the collection above is obtained by taking the dual in reverse order of the
full exceptional collection E• = 〈E0, . . . ,E2n+1〉;
E• = 〈OS , OS (1,0), OS (0,1)[1], OS (1,1)[1], OS (1,2)[2], . . . , OS (n,n)[n]〉,
which is also obtained by applying a right mutation to the first pair in the follow-
ing full collection
〈OS (−1,0), OS , OS (0,1)[1], OS (1,1)[1], OS (1,2)[2], . . . , OS (n,n)[n]〉.
Now let 〈F2n+1, . . . ,F0〉 be the right dual collection of E•. Indeed it consists of the
following vector bundles Fi = Fi for each i due to (2)
F2n+1 = OS (c − 3,−1) , F2n = OS (c − 2,−1),
F2n−1 =Ω
n−1
S |P1
(n− 3,n− 1) , F2n−2 =Ω
n−1
S |P1
(n− 2,n− 1), . . . ,
F3 =Ω
1
S |P1
(−1,1) , F2 =Ω
1
S |P1
(0,1) , F1 = OS (−1,0) , F0 = OS .
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For example, for i = 2n+1, we have H•(E2n+1[k2n+1]⊗F2n+1) H
2n+1(ωS [−n])  C.
Theorem 3.7. Let V be a vector bundle on S. Then V is Ulrich if and only if V admits
a filtration
0 = B0 ⊂ B1 ⊂ · · · ⊂ Bn+1 = V
with Bi+1/Bi  Ω
i
S |P1
(i, i + 1)⊕ai for some ai ∈ N and each i. Moreover, the bundles
Ω
i
S |P1
are stable and the graded sheaf
⊕n
i=0
Ω
i
S |P1
(i, i+1)⊕ai associated to this filtration
on V coincides, up to a permutation of its factors, with the graded sheaf of the Jordan-
Ho¨lder filtration of V .
Proof. We have verified that each of the bundles Ωi
S |P1
(i, i +1) is Ulrich and so the
converse implication is clear.
Now we prove the direct implication. The idea is to consider the Beilinson type
spectral sequence associated to A := V (−1,−1) and identify the members of the
graded sheaf associated to the induced filtration as the sheaves mentioned in the
statement. We assume due to [12, Proposition 2.1] that
H i(A(−j,−j)) = 0 for all 0 ≤ i ≤ n+1 and 0 ≤ j ≤ n
and consider the full exceptional collection E• and left dual collection F• in Exam-
ple 3.6. We construct a Beilinson complex, quasi-isomorphic to A, by calculating
H i+kj (A⊗Ej )⊗Fj with i, j ∈ {1, . . . ,2n + 2} to get the following table. Here we use
several vanishing in the intermediate cohomology ofA,A(−1,−1), · · · ,A(−n,−n) to-
gether with vanishing of cohomology H0 and Hn+1:
F2n+1 F2n F2n−1 F2n−2 . . . F2 F1 F0
0 0 0 0 . . . 0 0 0
0 Hn 0 0 . . . 0 0 0
0 Hn−1 0 Hn . . . 0 0 0
0 Hn−2 0 Hn−1 . . . 0 0 0
...
...
...
...
...
...
...
...
0 0 0 H1 . . . Hn 0 0
0 0 0 0 . . . Hn−1 Hn 0
0 0 0 0 . . . Hn−2 Hn−1 0
...
...
...
...
...
...
...
...
0 0 0 0 . . . H1 H2 0
0 0 0 0 . . . 0 H1 0
0 0 0 0 . . . 0 0 0
E2n+1 E2n E2n−1 E2n−2 . . . E2 E1 E0
Lemma 3.8. For any i, j ∈ {1} ∪ {2,4, . . . ,2n} with i > j , we have
Hom(Fi ,Fj ) = 0.
Proof. By Lemma 3.4, it is enough to consider the case when i = 2n and in this
case we have Hom(F2n,Fj )  H
0(Fj (2 − c,1)). If j = 1, then it is isomorphic to
H0(OS (1 − c,1))  H
0(P1,E ⊗ OP1 (−c)) by Lemma 3.1 and it is trivial. For j > 1,
we need to show that H0(Ωi
S |P1
(i + 1 − c, i + 1)) = 0. Consider the twist of (7) by
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OS (i +1− c, i +1) and apply Lemma 3.1 to get that
hn−i(OS (i +1− n,i +1− n) = h
n−i−1(∧nB ⊗OS (i +2− c − n,i +2− n))
= · · · = h0(∧i+1B ⊗OS (1− c,1)) = 0
and it implies the vanishing we want. 
By Lemma 3.8, we may conclude that all the entries off the diagonal must be zero
and thus we get
F2n+1 F2n F2n−1 F2n−2 . . . F2 F1 F0
0 0 0 0 . . . 0 0 0
0 b 0 0 . . . 0 0 0
0 0 0 0 . . . 0 0 0
0 0 0 Hn−1 . . . 0 0 0
...
...
...
...
...
...
...
...
0 0 0 0 . . . 0 0 0
0 0 0 0 . . . 0 0 0
0 0 0 0 . . . 0 0 0
...
...
...
...
...
...
...
...
0 0 0 0 . . . H1 0 0
0 0 0 0 . . . 0 a 0
0 0 0 0 . . . 0 0 0
E2n+1 E2n E2n−1 E2n−2 . . . E2 E1 E0
where a := h1(A(−1,0)) and b := hn(A(−n+1,−n)). This yields to the desired filtra-
tion.
In order to verify the last assertion, it suffices to check the stability of the bun-
dles Ωi
S |P1
for all i. Assume that Ωi
S |P1
was not stable for some i. Then, since
Ω
i
S |P1
(i, i+1) is Ulrich and so semistable, it will contain a stable Ulrich subbundle,
say F , with the same slope c − 1. Applying the first part of the result, we obtain a
filtration on F whose terms have all the same slope c − 1, and, in particular, from
the stability, the bundle F must be isomorphic toΩ
j
S |P1
(j, j +1) for some j . There-
fore we obtain an injective morphism from Ω
j
S |P1
(j, j + 1) to Ωi
S |P1
(i, i + 1). Now
it follows from Lemma 3.4 that i = j and so F  Ωi
S |P1
(i, i + 1), which implies the
stability of Ωi
S |P1
. 
Remark 3.9. A consequence of the main result is that the moduli spaces of Ulrich
bundles are zero-dimensional. This follows from the fact that when we construct
moduli spaces of semistable bundles, we work with S–equivalence classes.
Remark 3.10. It follows directly from Theorem 3.7 that, for n ≥ 2, the only stable
Ulrich bundles of rank ≤ n − 1 are OS (0,1) and OS (c − 1,0). In particular, if n ≥ 3,
there are no stable Ulrich bundles of rank two on S and all the strictly semistable
Ulrich bundles of rank two are extensions
0 −→OS (0,1) −→ V −→OS (c − 1,0) −→ 0.
In the case n = 2 the only stable Ulrich bundle is Ω1
S |P1
(1,2).
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Remark 3.11. In surface case, the previous result is compatible with [2, Theorem
2.1]. Indeed, for the bundle E = OP1 (β)⊕OP1 (β − e) on P
1 with β > e > 0, the only
Ulrich line bundles are
OS (c − 1,0) = OS ((2β − e − 1)F) and OS (0,1) = OS (C0 + (β − 1)F),
where C0 is the minimal section.
All the other Ulrich bundles arise from extension of the form
0 −→OS (0,1)
⊕a −→ V −→OS (c − 1,0)
⊕b −→ 0
and hence, there are no stable Ulrich bundles of rank ≥ 2. This was previously
proven in [13].
Remark 3.12. For n > 2 we may compute
Ext1S (Ω
1
S |P1
(0,1),OS (−1,0)) =H
1(Ω1
S |P1
(1,1)∨),
and from the dual of (4) we get
h1(Ω1
S |P1
(1,1)∨) = h1(OS (−ai ,0)) = 0
if and only if ai = 1 for any i, so in this case the filtration can be simpler. Now
take (a0, . . . ,an) = (1, . . . ,1), i.e. S = S(1, . . . ,1)  P
1 ×Pn. Then it is embedded into
P
2n+1 by the complete linear system |OS (1,1)| as a Segre variety. Then we have
Ω
1
S |P1
 OP1 ⊠Ω
1
Pn
and so Ωi
S |P1
 OP1 ⊠Ω
i
Pn
. Using the notation above, we get
Ext1S (Ω
i
S |P1
(i − 1, i),Ω
j
S |P1
(j − 1, j)) =H1(OP1 (j − i)⊠Ω
j
Pn
(j)⊗Ωi
Pn
(i)∨)
which is zero for each i ≤ j +1 and equals
H0(OP1 (i − j − 2))
∨ ⊗∧i−jCn+1
for i ≥ j +2.
Example 3.13. On S = P1 × P2, a bundle V is Ulrich if and only if it admits a
filtration 0 = B0 ⊂ B1 ⊂ B2 ⊂ B3 = V with
B1  OS (0,1)
⊕a0 , B2/B1  OP1 (1)⊠Ω
1
P2
(2)⊕a1 , B3/B2  OS (3,0)
⊕a2
for some a0,a1,a2 ∈N. So the only stable Ulrich bundle of rank ≥ 2 is V  OP1 (1)⊠
Ω
1
P2
(2) and all the other indecomposable Ulrich bundles arise from the extensions
(11) 0 −→OS (0,1)
⊕a0 −→ V −→OS (3,0)
⊕a2 −→ 0.
This case has been studied in more details in [6], where all the aCM bundles are
classified.
Example 3.14. On S = P1 × P3, a bundle V is Ulrich if and only if it admits a
filtration 0 = B0 ⊂ B1 ⊂ B2 ⊂ B3 ⊂ B4 = V with
B1  OS (0,1)
⊕a0 , B2/B1  OP1 (1)⊠Ω
1
P3
(2)⊕a1 ,
B3/B2  OP1 (2)⊠Ω
2
P3
(3)⊕a2 , B4/B3  OS (4,0)
⊕a3
for some a0,a1,a2,a3 ∈N. So all the Ulrich bundles arise from the extensions
0 −→OS (0,1)
⊕a0 ⊕OP1(1)⊠Ω
1
P3
(2)⊕a1 −→ V −→OP1 (2)⊠Ω
2
P3
(3)⊕a2 ⊕OS (4,0)
⊕a3 −→ 0.
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